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Abstract. We use the theory of g-characters to establish a number of short exact sequences in the 
category of finite-dimensional representations of the quantum afhne groups of types A and B. That 
allows us to introduce a set of 3-term recurrence relations which contains the celebrated T-system 
' as a special case. 
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1. Introduction 
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The T-systems are important sets of recurrence relations which have many applications in inte- 
grable systems. The literature on the subject is vast: we refer the reader to the survey [KNSll] 
and references therein. 

Originally, the T-systems were introduced as a family of relations in the Grothendieck ring 
of the category of the finite-dimensional modules of the Yangians and quantum affine algebras 
[KR90, KNS94, Nak03, Her06]. More precisely, the T-systems correspond to a family of short 
! exact sequences of tensor products of Kirillov-Reshetikhin (KR) modules [Her06] . The knowledge 

I of the T-system is one of the main reasons the KR modules are comparatively well understood. 

On I In this paper we argue that other classes of finite-dimensional modules of quantum affine algebras 

\ can be studied using recursions similar to the T-systems. We call such recursions extended T- 

■r:^ I systems. The sense in which they generalize the usual T-system is perhaps most rapidly understood 

' by examining Figures 3 and 4, in which simple examples of T-system relations (above) and relations 

in the extended system (below) can be compared. Let us begin by describing the construction of 
these recursion relations. 

^ ' The irreducible finite-dimensional modules of affine quantum groups are parameterized by their 

^ ' highest /-weights or, equivalently, their Drinfeld polynomials. Given an irreducible module T, in 

many cases there is a natural rightmost and leftmost zero of the set of Drinfeld polynomials of T. 
We call the irreducible module corresponding to the Drinfeld polynomials of T with the rightmost 
(resp. leftmost) zero removed the left (resp. right) module, L (resp. R). We call the irreducible 
module corresponding to the Drinfeld polynomials of T with both rightmost and leftmost zeros 
removed the bottom module, B. We call T the top module. Obviously, the modules L ® R and 
T ® B have the same highest /-weights. 

We find that in many cases T ® B is'm. fact irreducible, and the difference L ® R — T ® B in the 
Grothendieck ring is also a class of an irreducible module. In fact this difference is even special, 
meaning that it has a unique dominant /-weight. We then proceed to factor the difference into a 
product of prime irreducible modules A'^i and which we call neighbours. Therefore we obtain a 
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short exact sequence 

O^T0B^L®R^Ni^N2^O, (1.1) 

which can be used to express module T in the Grothendieck ring via smaher (in a natural order) 
modules. We note that unfortunately, in general wc do not know which of the two coproducts 
corresponds to the choice of the arrows in the short exact sequence we made here. 

Our starting point in types A and B is the class of minimal affinizations (MA). The MA [CP95, 
CP96a, CP96b] form an important class of irreducible modules of affine quantum groups which are 
the closest possible analogs of the evaluation modules. The KR modules are simplest examples of 
MA, corresponding to highest weights which are multiples of a fundamental weight. 

We find that the extended T-system closes among MA in type A. That means that if the top 
module T is a MA then all other modules in (1.1) are also MA. 

We turn next to type B. Here we find that our extended T-system does not close in the class 
of MA (except for the case of B2). Namely if T is a MA, the modules L,R,B are also MA, but 
Ni and N2 in general are not. Therefore wc are forced to consider a slightly more general class 
of modules, which we call "wrapping" modules, where the extended T-system does close. The 
wrapping modules seem to have properties similar to MA, at least from the combinatorial point 
of view. The extended T-system is then a recursion relation which allows one to compute, in 
particular, the wrapping modules via fundamental representations. 

We proceed to extend our T-system to yet a larger class of modules - the snake modules, 
introduced in [MY]. In type A, the snake modules are just modules related to skew Young diagrams, 
[NT98]. In type B, the modules related to skew Young diagrams [KOS95] form a subset of snake 
modules. The term "snake" is meant to be suggestive of the pattern formed by the zeros of the 
Drinfeld polynomials of such modules, c.f. Figure 2. 

In this paper we work in types A and B only, where MA, and more generally snake modules, 
are thin and special in the terminology of g-characters. Thin means that the Cartan part of the 
quantum affine algebra acts in a semi-simple way. This allows one to compute their g-characters 
explicitly, which was done [NT98, FM02] in type A and recently [MY] in type B. Then the problem 
of the existence of short exact sequences can be reduced to combinatorics. 

A natural question is whether extended T-systems exist in all types, as is the case with the usual 
T-system. Computations suggest that they do: we give some illustrative examples in Appendix A. 
However, it remains a challenge to identify a suitable class of representations - which one would 
like to include all minimal affinizations — and to furnish the necessary proofs. Note that minimal 
affinizations in other types are not thin [Her07] in general, which makes the analysis more difficult. 

The explicit form of several instances of the extended T-system is written in Section 4. For 
example, the extended T-system for evaluation modules in type ^jv is an equation for the functions 
j.mi,-,ms ^ s = 1, . . . , AT, where k e Z, ruj G Z>o, i = 1, . . . , N + 1 - s : 

q-,mi,...,ms — lrpmi — l,...,ms rpmi,...,msrpmi — l,...,ms — l . rpmi,...,ins — lrpmi-l,...,ms 

^i,k ^i,k+2 ~ -'-i,k ^i,k+2 -^j-l,A;+l -'i+l.fc+l ' 

with some natural boundary conditions. In particular, for s = 1, the functions satisfy the usual 
T-system. 
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The T-systems are functional equations which are widely studied and very important in many 
parts of mathematics and physics. We hope that many properties and applications of the T-systems 
can be generahzcd to the extended T-systems. For example, we expect that the extended T-system 
has a restricted version, similarly to the usual T-system [IIKNS]. 

As a first application of the extended T-systems we consider the corresponding extended Q- 
system of type B2. We use it to compute the decomposition of B2 wrapping modules after restriction 
to the finite quantum group, generalizing the results of [Cha95]. 

In types ADE, there is a recent remarkable conjecture on the cluster algebra relations in the 
category of finite-dimensional representations of affine quantum groups [HLIO] which includes the 
T-system. Wc should like to think that similar to the T-systems, the extended T-systems would 
provide a large family of explicit cluster relations in the cluster algebra. 

The paper is organized as follows. Section 2 contains background material. In Section 3 we recall 
the definition of snake modules, and define the neighbours of a prime snake. Then in Section 4 we 
state our main result, Theorem 4.1. The remainder of Section 4 exhibits various special cases of this 
theorem. In Section 5 we apply our result to compute the dimensions and C/g (g)-decompositions 
of wrapping modules in type B2. To prove Theorem 4.1, we first recall in Section 6 the machinery 
of paths and moves from [MY]; then the proof itself is in Section 7. Appendix A is devoted to 
examples of 3-term relations in types C and D. Finally, in Appendix B, we prove a theorem on 
thin, special, truncated g-characters which we need in Section 7. 

While this paper was in preparation, D. Hernandez and B. Leclerc informed us that motivated 
by the cluster algebra conjecture they have also proved a number of 3 term relations in types A 
and B. 

Acknowledgements. We would like to thank D. Hernandez, B. Leclerc, V. Tarasov for interesting 
discussions. EM would like to thank D. Hernandez for his hospitality during a visit to Paris in 
Summer 2010. CY would like to thank lUPUI Department of Mathematics for hospitality during 
his visit in Fall 2010 when part of this work was carried out. The research of CASY was funded by a 
Postdoctoral Research Fellowship (grant number P09771) from the Japan Society for the Promotion 
of Science (until end Oct 2010) and by the EPSRC (from Nov 2010, grant number EP/H000054/1). 
The research of EM is supported by the NSF, grant number DMS-0900984. Computer programs 
to calculate g-characters were written in FORM [Ver]. 

2. Background 

2.1. Cartan data. Let g be a complex simple Lie algebra of rank N and f) a Cartan subalgebra 
of Q. We identify 1} and f]* by means of the invariant inner product (•, •) on g normalized such that 
the square length of the maximal root equals 2. Let I = {1, . . . , A^} and let {ajjig/ be a set of 
simple roots, with {a^}i^j and {wjjie/, the sets of, respectively, simple coroots and fundamental 
weights. Let C = {Cij)ij^i denote the Cartan matrix. We have 

2 {ai,aj) = Cij {ai,ai) , 2 {ai,ujj) = Sij {ai,ai) . 



4 



E. MUKHIN AND C. A. S. YOUNG 



Let r"^ be the maximal number of edges connecting two vertices of the Dynkin diagram of g. 
Thus = 1 if is of types A, D or E, = 2 for types B, C and F and = 3 for G2. Let 
Tj = ^r^ {ai,ai). The numbers {ri)i^j are relatively prime integers. We set 



L> :=diag(ri,...,r7v), B := DC; 



the latter is the symmetrized Cartan matrix, Bij = {ai,aj). 

Let Q (resp. Q'^) and P (resp. P+) denote the Z-span (resp. Z>o-span) of the simple roots and 
fundamental weights respectively. Let < be the partial order on P in which A < A' if and only if 
A' - A G Q+. 

Let g denote the untwisted affine algebra corresponding to g. 

Fix a gr G C*, not a root of unity. Define the numbers, factorial and g-binomial: 



q-n _ q n 



q-q 



-1 ' 



[n - m\gi [m\gi 



2.2. Quantum AfRne Algebras. The quantum affine algebra Uq(g) in Drinfeld's new realization, 
[Dri88] is generated by xf^ {i € I, n e Z), kf^ (i G /), hi^n {i & I, n E: Z\{0}) and central elements 
c^^/^, subject to the following relations: 

k r^ k"^ — n^^^^r^ 



[h.,n,xf^J = ±knB.,],c^\^\/'x% 



n 



n+mi 



(2.1) 



„± 
C" 



„± 



1 c" 

n Q ~ Q 



-(n—m)/2 



i,n+m 



TreSs A;=0 



s 

k 



for all sequences of integers rii, . . . ,71^, and i ^ j, where is the symmetric group on s letters, 
and ^^„'s are determined by the formula 



(2.2) 



n=0 



m=l 



There exist a coproduct, counit and antipode making f/q(g) into a Hopf algebra. 

The subalgcbra of t/q(g) generated by (/cj)^^/, (x^Q)ji=/ is a Hopf subalgebra of UqCq) and is 
isomorphic as a Hopf algebra to Uq{g), the quantized enveloping algebra of g. In this way, Uq(g)- 
modules restrict to [7g(g)-modules. 
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2.3. Finite-dimensional representations and g-characters. A representation V of Uq{Q) is of 
type 1 if c^^/^ acts as the identity on V and 

V = ^Vx , Vx = {v eV ■.kiV = q^^'i'^K}. (2.3) 

AGP 

In what fohows, all representations will be assumed to be of type 1 without further comment. The 
decomposition (2.3) of a finite-dimensional representation V into its [/g(g)-weight spaces can be 
refined by decomposing it into the Jordan subspaces of the mutually commuting (pf^^ defined in 
(2.2), [FR98]: 

^ = ©^7> 7 = (7f±.)^G7,r.ez>o, 7f±.eC (2.4) 



where 



V^ = {veV:3kGn,yieI,m>0 ^ - 7f±™) ' v = 0} . 



If dim(V^) > 0, 7 is called an l-weight of V. For every finite-dimensional representation of Uq(Q), 
the /-weights are known [FR98] to be of the form 

' h ' ~ Q^{uqn)R,{uq-n) ' 

where the right hand side is to be treated as a formal series in positive (resp. negative) integer 
powers of u, and Qi and Ri are polynomials of the form 

Qi{u) = n (1 - ^«)""" ' = n (1 - H"*'" , 

aeC* aGC* 

for some Wi^a^'^i^a ^ 0, z G /, (2 G C* . Let 7^ denote the free abelian multiplicative group of 
monomials in infinitely many formal variables (5^,a)ie/,aeC*- ^ is in bijection with the set of l- 
weights 7 of the form above according to 

7 = 7(m) with m = (2-5) 



We identify elements of V with Z-weights of finite-dimensional representations in this way, and 

henceforth write for V^(j^\ . Let "LV = Z Y^^ be the ring of Laurent polynomials in 

^ L Aiei,aeC* 

{Yi,a)iei,aeC* with integer coefficients. The g-character map Xq [FR98] is then defined by 



meV 

Let Rep{Uq(^)) be the Grothendieck ring of finite-dimensional representations of Uq(Q), and let us 
write [V] G Rep{Uq(§)) for the class of a finite-dimensional ?7g(0)-module V. The g-character map 
defines an injective ring homomorphism [FR98] 



Xq 

: Rep(t/,(0)) 



J, a 



For any finite-dimensional representation V of f/g(g), we let 

:= {m G : m is a monomial of Xqi^)} ■ 
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For each j G I, a monomial m = nig/ oeC* ^"a " ^^^^ ^® j -dominant (resp. j -anti- dominant) 
if and only if Uj^a ^ (resp. Uj^a < 0) for all o € C*. A monomial is (anti-) dominant if and only if 
it is i-(anti-)dominant for all i G I. Let C V denote the set of all dominant monomials. 

If y is a finite-dimensional representation of UqCq) and m € ^(V) is dominant, then a non-zero 
vector \m) G Vm is called a highest l-weight vector, with highest l-weight "fim), if and only if 

4>f^±t\fn) = l™)7("^)^±t and |m) =0, for all i G /, r G Z, t G Z>o. 

A finite-dimensional representation F of Uq(g) is said to be a highest l-weight representation if 
= ?^g(0) for some highest ^-weight vector \m) G V. 

It is known [CP94a, CP94b] that for each m G there is a unique finite-dimensional irreducible 
representation, denoted L{m), of ?7q(0) that is highest /-weight with highest /-weight 7(m), and 
moreover every finite-dimensional irreducible C/g(0)-module is of this form for some m G . 

For each m G P"^, there exists a highest /-weight representation W{m), called the Weyl module, 
with the property that every highest /-weight representation of Uq(Q) with highest /-weight 7(m) 
is a quotient of W{m) [CPOl]. 

A finite-dimensional C/g('g)-module V is said to be special if and only if Xqi^) has exactly one 
dominant monomial. It is anti-special if and only if Xqi^) has exactly one anti-dominant monomial. 
It is thin if and only if no /-weight space of V has dimension greater than 1. In other words, the 
module is thin if and only if the ((f)f^^.)i^i^r£Z>o are simultaneously diagonalizable with joint simple 
spectrum. A finite-dimensional C/q(0)-module V is said to be prime if and only if it is not isomorphic 
to a tensor product of two non-trivial /7g(g)-modules [CP97]. 

Let X : Rep{Uq{Q)) Z[e^'^']i^i be the {75(f|)-character homomorphism. Let wt : P — P be the 
homomorphism of abelian groups defined by wt : ^ i-> cjj. The map wt induces in an obvious 
way a map ZV — )• Z[e='='^»]ig/ which we also call wt. Then the following diagram commutes [FR98]: 

^ep{Ug{Q)) > zr 



wt 



Rep(C/g(0)) > Z[e±-^],e/ 



where res : Rep{Uq{Q)) — > Rep(/7g(0)) is the restriction homomorphism. 
Define Ai^a eV,ieI,aeC*,hy 



■i,a — ^i,aq^i ^ i,aq—^i 




Let Q be the subgroup of V generated by Aj^o, z G /, a G C*. Let be the monoid generated by 
Afl^, i E I,a eC*. Note that wt^j^o = ccj. There is a partial order < on P in which m < m' if 
and only if m'mT^ G . It is compatible with the partial order on P in the sense that m < m' 
implies wt m < wtm'. 

We have [FMOl] that for all m+ G P+, 

^{L{m+)) Cm+Q-. (2.7) 
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For alH G J, a G C* let Ui^a be the homomorphism of abelian groups P — >■ Z such that 



j,b) 



1 i = j and a = b 
otherwise. 



(2.8) 



Let V be the homomorphisms of abehan groups Q — >■ Z such that 

<Aj,b) = -1- 

Note that the (A,a)ie/,aeC* are algebraically independent, so v is well-defined. 

For each j E I we denote by U^r^ (sl2^j)) the copy of ?7g'-j(sl2) generated by c^^^'^,{x^^)re2,, 
{(t>f,±r)rez>o- Let 

: z [y.^i] ^ z 

L J ie/;aec* L J aec* 
be the ring homomorphism which sends, for all a EC*, 1^^^ 1 for all k j and Yj^a '-^ ^j,a- For 
each j G /, there exists [FMOl] a ring homomorphism 



Tj : Z 



±1 



Z 



Z 



aGC* 



±1 

fc,6 



where {Zy.^)k^jfi^c* are certain new formal variables, with the following properties: 

i) Tj is injcctivc. 

ii) Tj refines fij in the sense that f3j is the composition of Tj with the homomorphism 'L\Y^^\a^£* 



iii) In the diagram 



^[^fa ]aeC* which sends Zk,b 1 for all 7^ j, 6 G C* 



Z 



±1 



ier,aec* 



Z 



±1 



aeC* 



z 



7±1 



z 



±1 



Z 



±1 



® z 



7±i 



(2.9) 



let the right vertical arrow be multiplication by Pj{Ajl) (8) 1; then the diagram commutes if 



and only if the left vertical arrow is multiplication by Aj ^ . 



2.4. Truncated qi-characters. Given a set of monomials TZ CV, let ZTZ denote the Z-module of 
formal linear combinations of elements of TZ with integer coefficients. Define 



trunc-;^ : V ^ TZ; m h-)- < 



m m eTZ 

(2.10) 

m^n 



and extend trunc?^ Z-module map ZP —> ZTZ. 

Given a subset U C I x C*, let Qjj be the subgroup of Q generated by Ai^a, (h o-) ^ U. Let 
be the monoid generated by Af^, {i, a) G U. For each n G Z>o, let Q^^-^^^ be the set of monomials 
in the variables Af^, {i,a) G U of degree exactly n. Similarly, let Q^(<„-) (resp. Q^(>„)) be the 
set of monomials in the variables Af^, {i,a) eU of degree < n (resp. > n). 
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Let us call trunc^^g-i Xq(L(m+)) the q'-character of L{m+) truncated to U. In this we follow 
D. Hernandez and B. Leclerc, who made use of q'-characters truncated to sets of the form / x 
{a, aq, . . . , aq'^~^} in [HLIO]. 

Given V, a highest Z-weight [/g(g)-module with highest monomial m+ G V^, and U C / x C*, we 
say V is thin in U if and only if trunc^^^g- has no monomial with multiplicity greater than 1. 

We say V is special in U if and only if m+ is the unique dominant monomial of trunc^^g- (Xg(^))- 

In the proof of Proposition 7.4 below we need the following result which gives sufficient conditions 
for a given set of monomials to be the truncation of a ^'-character. It is a generalized version of a 
similar result in [MY]. 

Theorem 2.1. Let U c I x C*. Let m+ G V'^ . Suppose that M C V is a finite set of distinct 
monomials such that: 

(i) M C m^Qjj; 

(ii) {m+} = r+r]M; 

(Hi) For all m E M. and all (i, a) G U, if m,A~^ ^ M. then mA~^Aj^i, ^ M. unless {j, b) = {i, a); 
(iv) For all m E M and all i G I there exists a unique i-dominant M E M. such that 

Then 

tiunc^^Q-XqiL{m+)) = ^ m (2.11) 
and the module L{m^) is thin in U and special in U. 

Proof. The proof is given in Appendix B. □ 

2.5. AfRnizations of [/g(g)-modules. For fj, G P"*", let V{ii) be the (unique up to isomorphism) 
simple ?7g(0)-module with highest weight /x. L{m), m G V~^, is said to be an affinization of 
V{fi) if wtm = ^ [Cha95]. Two afhnizations are said to be equivalent if they are isomorphic as 
C/g(0)-modules. Let [[^(m)]] denote the equivalence class of L{m), m G . For each A G 
define Ox := {[[-^^(jtz)]] : wtm = A}, the set of equivalence classes of affinizations of V^(A). Any 
finite-dimensional ?7q(g)-module V is isomorphic to a direct sum of finite-dimensional simple ^^^(g)- 
modules; for each A G P'^ let [V : V{X)] denote the multiplicity of V{X) in V. There is a partial 
order < on equivalence classes of affinizations in which [[L(m)]] < [[L(m')]] if and only if for all 
v G P"*" either 

(i) [L{m) : V{i^)] < [L{m') : F(z/)], or 

(ii) there exists a /x G P+, n> ly, such that [L{m) : F(/x)] < [L{m') : F(/x)]. 

For all A G P"*", Da is a finite poset [Cha95]. A minimal affinization of V{X), A G P~^, is a minimal 
element of Da with respect to the partial ordering [Cha95]. Thus a minimial affinization is by 
definition an equivalence class of [/g(g)-modulcs; but we shall refer also to the elements of such 
a class - the modules themselves - as minimal affinizations. Note that in type A all minimal 
affinizations are in fact evaluation representations. 
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3. Snake modules in types A and B 

In this section we introduce the class of representations to which our results apply, namely the 
snake modules, defined in [MY]. We specialize to types A and B: henceforth, g is either Oat or bjv- 

3.1. Notation, and the subring Z[l^^^](j We define a subset A" c / x Z as follows. 
Type A: Let X := {{i, k)eIxZ:i-k = l mod 2}. 

Type B: Let X := {{N, 2k + l):keZ}U {{i, k) e I x Z : i < N and k = mod 2}. 

For the remainder of this paper, we pick and fix once and for all an a G C*, and work solely with 
representations whose ^'-characters lie in the subring Z[y^J^^.](^i f,^^;^. These form a subcategory 
of the category of all finite-dimensional ?7g(fl)-modules closed under taking tensor products. It is 
helpful to define also 

W:={{i,k):{i,k-ri)eX} (3.1) 
for we have, as a refinement of (2.7) 

Vm+ G Z[Yi^^gk]^i^k)ex^ e ^(L(m+)), mm+^ G Z[A-^^,^]^i^k)eW- 
Prom now on it is convenient to write, by an abuse of notation, 

for all {i,k) e I X Z (c.f. (2.8) for the definition of u^ g^qk). 

3.2. Snake position and minimal snake position. Let {i,k) € Af. A point {i',k') G is said 
to be in snake position with respect to (i, k) if and only if 

Type A: k' - k > \i' -i\ + 2. 
Type B: 

i = i' = N : k' -k>2 and k' - k = 2 mod 4 

i i' = N or i' ^ i = N : k' - k > 2\i' - i\ + 3 and k' - k = 2\i' - i\ - 1 mod 4 

i<N and i'<N: k' - k > 2\i' - i\ + 4 and k'-k = 2\i'-i\ mod 4. 

The point {i' , k') is in minimal snake position to {i, k) if and only if A;' — A; is equal to the given 
lower bound. 

3.3. Prime snake position. Let (i, k) G X. We say that (i', k') G ^ is in prime snake position 
with respect to {i, k) if and only if 

Type A: i' + i>k' - k>\i' - i\ + 2. 
Type B: 

i = i' = N : AN - 2> k' -k>2 and k' - k = 2 mod 4 

i^i' = N or i' ^i = N : 2i' + 2i-l> k' - k > 2\i' -i\ + 3 and k' - k = 2\i' -i\-\ mod 4 

i<N and i' <N : 2i' + 2i> k' - k > 2\i' - z| + 4 and k' - k = 2\i' - i\ mod 4. 
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3.4. Snakes and snake modules. A finite sequence (it, fcj), 1 < t < M, M G Z>o, of points in X 
is a snake if and only if for all 2 < t < M, {it,Pt) is in snake position with respect to {it-i, h-i). 
It is a minimal (resp. prime) snake if and only if successive points are in minimal (resp. prime) 
snake position. Minimal snakes are prime. 

The simple module L(m) is a snake module (resp. a minimal snake module) if and only if 
m = YlfLi kt ^'-'^ some snake {it, kt)i<t<M (resp. for some minimal snake (it, kt)i<t<M)- 

The meaning of snake position is illustrated in Figure 1. Here and subsequently, in type B we 
draw the images of points in X under the injective map 6 : — > Z x Z defined as follows: 

(2i, k) i < N ajxA 2N + k - 2i = 2 mod 4 

{m-2-2i,k) i < N and2N + k-2i = mod 4 (3.2) 

^{2N-l,k) i = N. 
Type A: l : (i, k) i-7> {i, k). 



Type B: l: {i,k) ^ < 



(We define t in type A purely in order to make certain statements more uniform in what follows.) 
Clearly every snake is a concatenation of prime snakes. Moreover, we have 

Proposition 3.1. A snake module is prime if and only if its snake is prime. If a snake module is 
not prime then it is isomorphic to a tensor product of prime snake modules defined uniquely up to 
permutation. 

The proof will be given in §6.7. 

We also recall [MY] that for any snake {it, kt) & X, 1 <t < M, of length M G Z>i, the following 
are equivalent: 

(1) ^(Otlf 1 ^t.fet) is a minimal affinization; 

(2) {it,kt)i<t<M is a minimal snake and the sequence {it)i<t<M is monotonic. 

3.5. Neighbouring points. Suppose {i, k) E X and {i', k') G X are such that {i' , k') is in prime 
snake position with respect to (i,A;). In this subsection we shall define two finite sequences X* 
and of points in X, called the neighbouring points to the pair {{i, k), {i' , k')). These sequences 
each consist of a single point, with an exception in type B where one of them consists of two points. 

The motivation for our definition is that if x = -^^dl/ zii x'''*' ^'^^ ^ ~ "^^n/ /-, y'''*' ^'^-^ 
then 

[L(K,,fe)] [L{Y,^k')] = [L{Yi,kY,,k')] + [x][y]; 
this will be a special case of Theorem 4.1 below. Neighbouring points are best understood from the 
pictures in Figure 2. For example in the generic situation, far from any end of the Dynkin diagram, 
the points in ^^it ^ {(^' (^'' ^0} ^"^^ vertices of a rectangle as in the following sketch. 

\ ✓ 
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Figure 1. The points □ (resp. ■) are in snake position (resp. minimal snake 
position) to the point marked o. Of these, the points on or inside the dashed 
polygon shown are in prime snake position to o. In type B, we have plotted the 
images of points under the map i, c.f. (3.2). 
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Figure 2. In type A13 (left) and in type B5 (right), the black dots form a prime 
snake. The two neighbouring snakes are shown as triangles and diamonds. The 
snake-lowered paths (§6.4) are sketched as dotted lines. In type B, we have plotted 
the images of points under the map l, c.f. (3.2). 
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The formal definition is as follows. 

Neighbouring points in type A. 

{{l{i + k + i' -k'),l{i + k-i' + k'))) k + i>k' -i' 

k + i = k' -i', 

{{^{i' + k' + i- k), i(i' + k' -i + k))) k + N + 1 - i > k' - {N + 1 - i') 
k + N + l-i = k' -N -1 + i'. 

Neighbouring points in type B. We define 

{Bi'f,Fi'f) {i < N,2N -2i-k = 2 mod A) or {i = N, k = I mod 4) 
iFff,Bff) {i < N,2N -2i-k = mod 4) or (z = AT, A: = 3 mod 4), 



i.k 
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where 



B. 



i.k 



^ i<N,i' <N,k' -k = 2i + 2i' 

((i(2z + k + 2i' - k'), i(2? + k-2i' + k'))) i < N,i' < N,k' - k < 2i + 2i' 

i < N,i' = N,k' -k = 2i + 2N -1 

((i(2i + A; + 2iV - 1 - k'), l{2i + k-2N + 1 + k'))) i < N,i' = N,k' - k < 2i + 2N - 1 
{{N,k-2N + l + 2i')) 




N,i' <N 
N, i' = N, 



■ = < 



i < N,i' < N,k' - k < AN - A - 2i - 2i' 
i < N,i' < N,k' - k>AN -2i- 2i' 
i<N,i' = N 



((i(2z' + k' + 2i- k), \{2i! + A;' - 2i + k))) 
{{N, k + 2N-l-2i),{N,k' -2N + 1 + 2i')) 
{{N,k + 2N -l-2i)) 

{{1{2N -l + k + 2i' - k'), ^{2N -l + k-2i' + k'))) i = N,i' < N,k' - k < 2N - 1 - 2i' 
i = N,i' < N,k' - k = 2N - 1 - 2i' 

^ ((i(4iV -2 + k- k'), l{k + k'))) i = N,i' = N. 

3.6. Neighbouring snakes. 

Proposition 3.2. Let {it,kt) ^ X , 1 < t < M, he a prime snake of length M G Z>2. Then the 
sequences formed by concatenating the sequences of neighbouring points, 



are snakes in X with no elements in common. 



Proof. By inspection, case by case. 



□ 



We refer to the snakes ^{it,kt)i<t<M {itM)i<t<M ^ neighbours of the prime snake 

{it,h)i<t<M- The neighbours are generically also prime, but there are exceptions whenever an 
A-type end of the Dynkin diagram is sufficiently close that some neighbouring points are "miss- 
ing". For example, in the snake on the left of Figure 2, xl^'^^j = 0. The would-be neighbour is 
(0, 17) ^ / X Z. 

In type A it is clear that every prime snake is strictly longer than its neighbours. In type B 
this is not always so, but we do have the following. Let hgt : P — Z, the height map, be the 
homomorphism of abelian groups such that hgtl^^fc = r^. Then 

Proposition 3.3. For any prime snake {it,kt) e X, 1 <t < M, of length M G Z>2; 

M M 

hgt n Yi,k <^^\[Yi,,k^ and hgt J] y^^^ < hgt [] y^^^fc, 
(i,fe)e t=i {i,k)e t=i 



HHM)l<t<M 



(HM)l<t<M 



with equality only if the type is B and it = N for all 1 <t < M. 
Proof. By inspection. 



□ 
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4. The extended T-system 
4.1. Main results. We now state the main result of the paper. 

Theorem 4.1. Let (itjh) £ X , I < t < M, he a prime snake of length M £ Z>2. Let X := 
^(it,kt)i<t<M ^'^^ ■~ ^ {itM)i<t<M neighbouring snakes. Then we have the following relation 

in K&£){Uq(Q)). 



kt 



t=l 



/ M ^ 



\.t=2 



/M-1 ^ 

L n ^^^M 



t=2 



/ M 



\t=i 



+ 



l{ n ^^-^ 

{i,k)eX 



l{ n ^^.^ 

{i,k)eY 



Moreover, the summands on the right-hand side are classes of irreducible modules, i.e. 



M 



it,kt 



/M-1 ^ 

L n ^i^M 



/ M ^ 



t=2 



t=l 



t=2 



\t=l 



(4.1) 



(4.2) 



^ n ^i'k n - ^ n ^^.^ ® ^ n ^^ ^^ 



(4.3) 



^(i,k)eY 



The proof is given in §7. In the case of Kirillov-Reshetikhin modules, the theorem is the standard 
T-system, and is proved [Nak03, Her06]. 

Remark 4.2. The statement in the theorem is equivalent to the existence of a short exact sequence 
of C/5(g)-moduIes, which is either 



.{i,k)eY 



/M-1 

L n ^^uk^ 

(M-1 
n ^^uk^ 
t=2 



(M N 

t=2 , 

(M > 

t=\ / 



0, 



or the same sequence with arrows reversed. In the special case of Kirillov-Reshetikhin modules, it 
is known [Her06] that with the choice of coproduct in which A(a;^Q) = x^q (8> 1 + (8> x^^ the arrows 
are as shown. 

We also have the following, whose proof is similar to that of Theorem 4.1. 

Theorem 4.3. Let {it,kt) E X, 1 < t < M, be a non-prime snake of length M G Z>2. Then we 
have the following isomorphisms of Uq(Q) -modules: 



/M-1 ^ 



M 



'M-1 



M 



'M-1 



M 



L n - ^ n ^^^-'^^ p ^ n ^^^^ = ^ n n Y^ 



it,kt 



t=l 



\t=2 



t=2 



\t=l 



t=2 



t=l 



We call the module ^(Otlfi ^t,fct) ™ (4-1) the top module. In almost all cases the height of 
the top module is strictly greater than the height of all other participating modules in (4.1), by 
Proposition 3.3. In the exceptional case, one neighbour may have the same height at the top 



EXTENDED T-SYSTEMS 



15 



module, but when this neighbour is treated as the top module in turn, its neighbours have strictly 
lower height. Therefore the relations (4.1) allow the classes of snake modules to be expressed in 
terms of classes of snake modules of lower height. 

Theorem 4.1 constitutes a system of relations among snake modules. We say a class of modules 
is closed under the relations (4.1) if and only if whenever the top module is an element of that 
class, so too are all the other participating modules. In the remainder of this section, we exhibit 
various closed classes of modules and the corresponding sub-systems of relations. 

The sub-systems we exhibit all involve only minimal snakes. Note that the relations of Theorem 
4.1 are more general than the ones in §4.2-§4.5. Note also that the class of all minimal snake 
modules is not closed under relations (4.1). 



4.2. Kirillov-Reshetikhin Modules. For any {i,k) G / x Z and m G Z>i, the sequence {i,k + 
^tri)o<t<m-i is a minimal snake. It is usually called a q-string. Define 

m— 1 
t=0 

It is convenient also to define 

TT^k ■■= 1 for all i ^ I. 
The Kirillov-Reshetikin (KR) modules are L(7r^j,). Let us write 



rpm ._ 



LKk) 

The relations of Theorem 4.1 close on KR modules, and we recover the usual T-system: 



Type A. For all i G I, G Z and m > 2, 



rpm— Irpm— 1 rpm rpm— 2 1 rpm— 1 rpm— 1 

^i,k ^i,k+2 — ^i,k-'-i,k+2 ^i-l,k+l-'-i+l,k+V 

Type B. For all 1 < z < iV - 1, A; G Z and m > 2, 

rpm— Irpm— 1 rpm rpm — 2 I rpm— 1 rpm— 1 

^i,k ^i,k+i~ ^i,k^i^k+A^ ^i-l,k+2^i+l,k+2- 

The special cases are i = N — 1 and i = A^, as follows: for all /c G Z and m > 2 

rpm— 1 rpm— 1 rpm rpm— 2 I rpm— 1 rp2m— 2 

^ N-l,k^ N-l,k+A — ^ N-l,k^ N-l,k+A'^ ^ N-2,k+2^ N,k+1^ 

I m I I m — 1 I 

rpm— Irpm— 1 rpm rpm,— 2 I rpL 2 J rpL 2 J ( A A\ 

^N,k ^N,kJr2 — ^N,k^N,k+2'^ ^N-l,k+l^N-l,k+Z- \^-^> 

These relations uniquely determine every in terms of the classes of fundamental representations, 

rpl 



4.3. Minimal affinizations on tw^o neighbouring nodes. The KR modules arc the minimal 
affinizations of the simple J7g(g)-modules V{muji)^ m G Z>i, i € I. The relations of Theorem 4.1 
also close on the class of minimal affinizations of simple J7g(0)-modules of the form V{muJi + nuJi-^-l). 
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Figure 3. Examples, in type A^, of the 3 term relations in Rep(J7q(g)) from §4.2 and §4.3. 
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Figure 4. Examples, in type B3, of the 3 term relations in Rep(i7q(g)) of §4.2 and §4.3. 
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Indeed, given any (i, /c) G Z x Z and any m,n E Z>o, let us define 



rpm,n 



-i+l,k ■ 



T I m n 

^ ' "i,fe"j+l,fc+2mri-ri+ri+i+max(ri,ri+i) 



L 



( „m n 



fe+2mri+i — r-j+i +ri+max(ri ,r. 



.0) 



Every minimal afHnization of V{muji + nwj+i), 1 < z < AT — 1, is of the form T^^" or T"^^^ (for 
some choice of the a G C* in §3). We have the following relations for all A; G Z and all m, n G Z>i. 



Type A. For all 1 < i < iV - 1, 



rr\m,n—lrpin—l,n rpm,nrpm—l,n—l . r-pm,n— 1 rpm—l,n 

^i,k ^i,k+2 — ^i,k ^ i,k+2 + -"-j-l.fc+l -""i+l.fc+l' 

^i,k ^i,k+2 ~ ^i,k ^i,k+2 -""i+l.fe+l -""i-l.fc+l- 



Type B. For all 1 < i < iV - 1, 



r-pm,n— Irpm— l,n rpm,nrpm— l,n— 1 _|_ r-pm,n— 1 rpm— l.n 

-•-i.fc -'-i,fc+4 ~ ^i,k ^i,k+A + i-l,fc+2 i+l,fe+2- 



For all 1< i < iV - 1, 



rpm,n— Irpm— l,n rpm,nrpm— l,n— 1 , rpm,n— 1 rpm— l,n 

-■-i,*; -'-i,fe+4 ~ ^i,k ^ i,k+i -'-i+l,fe+2 -"-1-1,^+2 • 

Finally, let us define s(A), A G Z, to be if A is even, 1 if A is odd. Then 

rpm,n— Irpm— l,rt rpm,n rpm— l,rt— 1 _, rp™-i L'^^V^J rp2m— 1,[^J 

-■-Af-l,*; Ar-l,fc+4 ~ Af-l.fc Af-l,fc+4 "i" ^ N-2,k+2^ N,k+1 ' 

rpm,n— Irpm— l,n rpm,nrpm— l,n— 1 . rpLTJ'^"""^ rpL^^^Ji"- r\ 

^N,k ^N,k+2 - ■^N,k^N,k+2 ^N-l,k+l+2s{m)^N-l,k+l+2s{m-l)- ^^■'^) 

Observe that the final pair of relations in (4.5) mix T and T in type B. This is an indication that 
in type B the relations of Theorem 4.1 do not close on the class of all minimal afHnizations. 

Given the classes of KR modules, T^^, the relations above uniquely determine all the T^^". 

Figures 3 and 4 illustrate the fashion in which the 3-term relations of this subsection generalize 
those of the usual T-system. 



4.4. Minimal afHnizations in type A. For this subsection we work in type ^^v- Given (a, k) G 
Z X Z, s G Z>i, and (ni, . . . ,ns) G Z>q, let ki := k and for each 1 < i < s, fcj+i = ki + 2ni + 1. 
Then we define 



rpni,n2,.--,ns 

a,k 



ni n.2 
a,ki a+l,fc2 



a+s—l,ks 



r-pni,n2,...,ns 

a,k ' 



^('^a!ki^a-l,k2 ' ' " ^a-s+l,ks 



_n2 



Given any A = X^jg/ AjWi G \ {0}, let a := min{i G / : Aj > 0} and b := max{i G / : Aj > 0}. 

,A„+i,Aa^ A; G Z. If 



All minimal afHnizations of V{A) are of the form rY^-^^-+i'-'>^b-iM 



rpA6,A(,_i,. 

^'^ ^b,k 
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Figure 5. Sketches of the Young diagrams for the evaluation modules appearing in (4.7). 

At Aj-i Aa+l Aa — 1 At A(,_i Aa+l Aa At" 1 A(,_i Aa+1 Aa 



1 At-1 Af, 



Aq+I Aa 



1 At-1 At 



Aa+l Aa-1 



1 At At 



Aa + l Aa-1 



a = 6 we have the relations of §4.2; otherwise a <b and we have 

rpiAaiAa+lv-jAt— l)At — IrpAa — l,Aa+l,...,At— IjAt rriAa,Aa+l,."iAt— l,AtrpAa — l,Aa+l,.")At— IjAt" 1 

^a,k ^a,k+2 ~ ^ a,k ^ a,k+2 

I rpAa,Aa + l,.--iAt-liAt — IrpAa — l,Aa + l,.--iAt— l,At 

-"-a-l.fe+l -"-a+l.fc+l ' 



nAtjAt- 

-b,k 



■)Aa+l,Aa — IrpAt — l,At— l,---jAa+l,Aa rpAt,At— Aa+l, AarpAt — 1, At— I,-- -i Aa+l jAq — I 



-b,k+2 



-b,k 



+ T 



b+l,fc+l 



n\,...,ns 
a.k 



-b,k+2 
^b-l,k+l 
in terms of the T 



(4.6) 
(4.7) 



mi,...,m / 



; and likewise 



For all s > s' > 1, these relations determine the T 
the T'^lf''' in terms of the T^;-""^^'. 

In the conventions of [MY], the modules in (4.7) are the evaluation representations whose highest 
9^iV+i"W6ights are given by the Young diagrams sketched in Figure 5. 

4.5. Minimal afRnizations and wrapping modules in type B. In this subsection we work in 
type Bn. Recall (c.f. §3.4) that if {it,kt) e X, 1 < t < M, M G Z>o, is a minimal snake then 
^{Ylt^i^it,kt) ^ minimal affinization if and only if {it)i<t<M is monotonic. In type B, however, 
monotonicity of the sequence {it)i<t<M is not in general preserved by the relations in Theorem 4.1: 
if a snake has this property, its neighbours may not. This can be seen by considering Figure 2 and 
will be manifest in (4.8) below. This motivates us to make the following definition. 

Definition 4.4. We say a minimal snake module -^(Ht^i ^t.fet) i^ ^ wrapping module if and only 
if the first coordinates of the points ('-(^t; ^t))i<j<jv^) c.f. (3.2), form a monotonic sequence. 

It is easy to see the following proposition. 



Proposition 4.5. (i) Every minimal affinization is a wrapping module. 
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(a) The relations of Theorem 4-1 close on the class of wrapping modules. 



□ 



Now we write explicitly the relations of Theorem 4.1 for wrapping modules. 

For convenience, we let ro := 2. Given {a,k) G ZxZ and s G Z>i such that < a < a+s — 1 < N, 
and {ni,. . . ,ns) G Z?,g, let ki := k and for each 2 <i < s, ki+i := ki + 2nira-i+i — Va-i+i + ra+i + 
2max(ra_i+i, Ta+j), and then define 



rpni,n2,.-->»*s ._ 
a,k 



Similarly, given {a,k) G Z x Z and s G Z>i such that Q < a — s + 1 < a < N , and (ni ,...,7^5) G Z>q, 
let fci := A; and for each 2<i< s, ki+i := ki + 2nira+i-i - ra+i-i + ra-i + 2 max(ra+i_i, ra-i), and 
then define 



rpni,n2,...,ns 

a,k ' 



L(7r"l 7r"\ - ...tt"' - ) . 

a,A;i a— l,fe2 a— s+l,/Cs _ 

Next, given a,b,£ X such that < a, 6 < — 1, and given 

(ni,n2, . . . ,nAr_a) G Z^q"", (ni, n2, . . . , nAr-b) G Z>o"^ and n G Z>o, 

let: ii := £, £i+i := £i + Aui + 2 for each 1 < i < TV - 1 - a, := + 4nN-a + 1, := 
^AT + 2(2n + 1) + 3, £i-i =£i + Ani + 2 for each - 6 > i > 1. Then we define 



7=^i,...,niv-a;2Ti+l;n;v-6i---i"2,ni 



N-l-a 



N-l-b 
2n+l . TT Tt"^ ^ 



i=l 

For any A = E^^j XiOOi G P+ \ {0} the minimal aflfinizations of V{A) are x^^'^^+i' - '^'-i'^'' and 
^^b^b-l,■■■^a+l^a ^ where a = min{i G / : > 0} and 6 = max{i G / : > 0}. Suppose 6 - a > 2 
(if not, we have the relations in §4.2 or §4.3). Then 



rrr^a ,Aa+lv"A6 — l)'^6~lrri'^a~lAa + l,---,A(,_l,Af, rpAa , Aa + 1 ■ A^,_ l , Aa — 1 , Aa + 1 ,. . ., Af,_l , Af, — 1 

^a,k ^a,k+4: — ^ a,k ^ a,k+A "t- ^ -f 



where 



X 



and 



nAa,...,A(,_i,A6 — 1 



-a-l,fe+2 
Aa,...,AjV-l,L 2 J U — AT 

^a-l,k+2 — l\, 



b<N 



rpAa — l,Aa + l,.---A6 



Y= I 



-lAa — l,Aa + l,.--iAiV-2,2AiV_i 

-a+l,fc+2 



6 < AT- 1 

6 = AT - 1 (4.8) 



=;Aa — l,Aa+l,...,AjV-2;2AAr_i + l;[-^J , 

l,-'-a+l,fe+2 0-iV; 



r|-iA6,Ab— l,...,Aa+l,Aa — lr|-iA;, — l,A^_l,...,Aa+l,Aa r|-iA^,A5_i,...,Aa+l,Aar|-iA;, — l,A()_i,...,Aa+l,Aa — 1 



-b,k ^b,k+2rt ^ b,k 

where, recalling the map ,s from §4.3, we have 

6< AT-l 



- b,k+2rb 



rpAi,,Af,_i,...,Aa + l,Aa — 1 

-'-fe+l,fc+2 



X 



rp2AiV— l,A/\?_2,...,Aa-|-l,Aa — 1 i Ar -| 

^N,k+l O — I\ 1 



Y 



^L-2^J;2A]V-l+l;A]V-2,---Aa+l,Aa 



b = N, 



rpAf, — l,A6_i,...,Ao+l,Aa 
-'-fe-l,fc+2 

if^l^^ J,AAr-l,...,Aa+l 

L -'-Ar-l,fe+l+2s(AAr-l) 



b<N 
b = N. 



, -^Af-l,fc+l+2s(Ajv) 

Finally, given (Ai, . . . , AAr_i; A; Aa^-i, . . . , A2, Ai) G Z>^"\ let a := min({i G / : A^ > 0} U {A^}) 
and b := min({i G / : Aj > 0} U {A^}). Suppose a < A" — 1 and 6 < A^ — 1. Then for all k such that 
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(a, k) G X we have 

pj=;Aa,Aa+l,...,AjV-i;2A+l;AjV-lr--)^6+l)^6 — lr=p^a— l,Aa+l,...,AAr_i;2A+l;AiV-l,---)^()+li^6 

^a,k ^a,k+2 

^Aa,Aa+i,.--,-^jv-i;2A+l;Ajv-i,.--,A6+i,Ai,^Aa — l,Ao+i,.--,-^JV-i;2A+l;Ajv-i,.--,A6+i,A(,— 1 _j_ g\ 



where 



X 



Y 



?pAa,Aa+l,---i-^Ar-l)-^;2AAr-l+l;AjV-2,---)'^6+l)-^ti — 1 1^ ^ T\T 1 

^a-l,k+2 _ < iV - 1 

rpAa,Aa+l,.--,AjV-l,A,2AiV-l— 1 i AT _ ^ 

^a-l,k+2 — I\ 1, 

7=fAa — l,Aa+i,.--,AAr-2;2AAr_i+l;A,Ajv_i,...,Aj_|_i,Ai, ^ at i 

^a+l,k+2 _ _ _ a < I\ - L 

r^|2A]V-l-l,A,A;,;_l,...,Ai,+i,Ai, _ a t _ i 

-^JV,fc+i a — iV i. 



For all s > s' > 1, these relations determine the T'^'r''' , T^r""' and Tni, -,"'-i;2n.+i;n.+i,...,n. 
(1< r < s) in terms of the T^;-"-^', t^^i---.' ^-^ ^/)_ 

5. Wrapping modules in type B2. 

As an application of Theorem 4.1, let us compute the dimensions and f/g(b2)-module decompo- 
sitions of the wrapping modules (§4.5) in type B2- For all m,k,n € Z>o, let 

Qm,fc,n res[L(yi,oyi,4...n,4m-4 

^2,4m+1^2,4m+3) • • • ^2,4m+2fe-l 
5^1,4m+2fc+4il,4m+2A;+8 • • • ^l,4m+2fe+4n) 

and Q'"''^ := Q"».*:.o. Note that Q^-^'" = Qn,k,m_ 
Proposition 5.1. For all m,k,n £ Z>o we have 

Qm,2fc+l,n+lQm+l,2A;+l,n Qm+l,2fc+l,?i+lQm,2A;+l,n _|_ Qfc,2n+lQfe,2m+l 

Qm+l,2feQm,2fc+l Qm+l,2fc+lQm,2fc _j_ Qfe,0QA;,2m+l 

^Qm+l,0-j2 ^ Qm+2,0Qm,0 _|_ Q0,2m+2 
(Q0,fe+1)2 ^ Q0,fe+2Q0,fe ^ qLM1j,0qL^J,0_ 

Proof. For all £ G Z and all m,k £ Z>o we have Q™!2fc+i,n _ res T"'/'^^"'^'" for all n > and 
Qm,k ^ resT^f = resT^'^. In particular Q™'° = resT™ and Q^''' = resT^'^. The first two 
equalities therefore follow from (4.9) and (4.5) respectively. The final two equalities, which are the 
usual Q-system in type B2, follow from (4.4). □ 

Proposition 5.2. For all m,k,n e Z>o, 

k k 

Q"*'2'=+^^0y(m(Ji + (2i + l)w2) CT'^'' ^^V{muji + 2iuj2) (5.1) 

i=0 i=0 

niin(ni. ti) k 

Qm,2k+i,n^ ^ Y ^ _ 2i) + {2i + 2k -2j + 1)002). (5.2) 

1=0 j=0 
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Proof. We have Q^'° = V{uji) and Q^'-*^ = V{ij02)- The solution to the relations of Proposition 5.1 
with these initial conditions is unique, so it is enough to check that (5.1-5.2) is it. Since the Uq{b2)- 
character homomorphism x is injective it is enough to check this at the level of ?7q(b2)-characters. 
To do so one can use the Weyl character formula: let p be the Weyl vector, W the Weyl group, 
£ : W ^ Z>o the length function, and A G P^; then 

x(y(A)) = „,. A^(A), where N{A) := {-1)'^^^ e^^^+f\ (5.3) 

lla>oU e ) 

In type B2, p = uji+ uj2, W = {id, <ti, (T2, <ti(T2, cr2cri, aia2cri, a2cria2, aia2(Jia2} and the numerator 
N{K) is a sum of \W\ = 8 terms: 

N{\iuji + A2aj2) = 

y^X,+l y^X,+l _ y^-X,-l y^X2+2X,+3 _ y^XM2 ^^.A^-l + y^-X,-X,-2 y^X,+2X,+3 
^ y^A2+Ai+2 ^^-A2-2 Ai-3 _ y^-X^-Xr-2 y^X^+1 _ ^^Ai+l ^^-A2-2 Ai-3 ^ y^-Xi-1 y^~^2-l^ 

where yi := i = 1, 2. To obtain the numerator of ■^{Q,"^'^'''^^'"') one can perform the sum from 
(5.2) in each of these 8 terms, since these are geometric progressions. The result is a sum of 8 
explicit rational functions of the {yf^)i^i\ for example, the rational function obtained by summing 
the w = \d terms is 



+m+l ^,2fc+2 ^2 



vi y2 



2(fc+l) _ ^ ^y^^y^yimm{m,n)+l) _ i 



2/2^-1 {y2/yif - 1 

It is then a direct finite calculation, which we have performed with the aid of the computer algebra 
system Maxima, to verify that the numerators obey the relations of Proposition 5.1. □ 

The [/5(b2)-decompositions of the minimal affinizations in type B2, i.e. the above expressions 
for Q"*''^, can be found in [Cha95]. 

Corollary 5.3. For all m,k,n G Z>o, 

dim ^Q"».2fc+i,n^ = ^('^ + + + + + + + + m + k + 3). 

Proof. This follows from Proposition 5.2 using the Weyl dimension formula. □ 



Remark 5.4. Similar methods can also be used to obtain, for all m,k,n E Z>o, the decomposition 
of Q'"'2fc,n jj^^Q simple L'g(b2)-niodules: 

mm{m,n) j+fc 

Qm,2fc,n^ 0y((^ + „_2i)tJi + (2i + 2A;-2j)w2)- 
i=0 j=0 

Qm,2k,n ^^le restriction of a wrapping module. We have found with the aid of a computer 

algebra system that, in contrast to Q"*.2fc+i,n^ dimension does not factor fully to linear factors 
with integer coefficients. 



Some 3-term relations among minimal affinizations in type B2, different from the ones in the 
present paper, can be found in [MP07]. 
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6. Paths and moves 

In order to prove Theorem 4.1 we first recall from [MY] the closed form for the g-characters of 
snake modules in terms of non-overlapping paths. 

6.1. Paths and corners. For each (i, /c) G A" wc shall define a set ^i_k of paths. For us, a path is 
a finite sequence of points in the plane M^. We write {j,tj € p if is a point of the path p. 

Paths of Type A. For all {i, k) G X, let 

^i,fe := {((0,2/o),(l,yi),--.,(iV + l,?/7V+i)) : yo = i + k, vn+i = N + I - i + k, 

and Vi+x -Vie {1, -1} VO < z < iv}. 
We define the sets Cp^± of upper and lower comers of a path p = ((r, ?/r))o<r<7v+i ^ ^i,k to be 

Cp ■■= {{r, yr) ep:r £ I, yr-i = y,. + 1 = y-r+i} , 
Cp ■■= {(r, yr) ep:r £ I, yr-i = y,. - I = yr+i] ■ 
Paths of Type B. Pick and fix an e, 1/2 > e > 0. We first define 3^n/ for aU ^ G 2Z + 1 as follows. 

• For alU = 3 mod 4, 

^N,t ■= {((0,yo),(2,yi),...,(2iV-4,yiv-2),(2iV-2,yAr-i),(2iV-l,yjv)) 
: yo = £ + 2N-l, yi+i - G {2, -2} VO < i < AT - 2 
and yiv - ?/Ar_i G {1 + e, -1 - e}|. 

• For all ^ = 1 mod 4, 

:= { ((4iV - 2, yo), {AN - 4, j/i), . . . , (2iV + 2, yN-2), {2N, y^-i), {2N - 1, yjv)) 
: yo=£ + 2N- l,yi+i - G {2, -2} VO < z < AT - 2 
and T/AT - t/AT-i e {1 + e, -1 - e}|. 
Next we define ^i^k for all {h k) e X, i < N, as follows. 

^i,k '■= |(ao,ai, • • ■,aN,aN, ■ ■ ■ ,ai,ao) : {aQ,ai, ■ ■ ■ ,ajv) G ^N,k-(2N-2i~i), 

{ao,ai,...,aN) G ■^Ar,ifc+(2Ar-2i-i), (6-1) 
and Oiv — Sat = (0,y) where y > o|. 

For all G A", we define the sets of upper and lower comers of a path p = ((jr)^r))Q<^<|p|_^ G 
where \p\ is the number of points in the path p, as follows: 

C+ := G P : ir ^ {0,2iV - l,4iV - 2}, > 4, ^r+i > 4} 

U{(iV,^) G A": (2iV-l,£-e) G and (2Ar-l,£ + e) ^ 

Cp ■■= (>, 4) G p : jV ^ {0, 2N -1,4N- 2}, Ir-l < Ir, ir+l < ^r} 

U{{N,£) eX : {2N -l,i + e) G p and (2Ar-l,^-e) ^p}. 
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where l is the map defined in (3.2). Note that is a subset of X. 
We define a map m sending paths to monomials, as follows: 



m 



: U ^..^Zjl^ji] ; p^m{p):= Y[ Y-, ^ Y'l . (6.2) 

6.2. Lowering and raising moves. Let (?, A;) G Af and (j,£) G W. We say a path p G ^ can 

be lowered at (j, ^) if and only if (_;',£ ~ ''j) £ Cp" a-nd (j, £ + ''j) ^ C'^^'- If so, we define a lowering 
move on p at (j, ^), resulting in another path in ^i^k which we write as V^j^i which is defined 
to be the unique path such that m(p=g^^^^) = m(p)74T"|. A detailed case-by-case description of these 
moves can be found in [MY], Section 5. 

Let (i,A;) G X and (j, G W. We say a path p G can be raised at {j,£) if and only if 
P = P''^ji^ somep' G If exists it is unique, and we define := p'. It is straightforward 

to verify that p can be raised at {j,£) if and only if + rj) G C~ and {j,£ — rj) ^ C~. 

6.3. The highest /lowest path. For all {i,k) G X, define p'^j^, the highest path to be the unique 
path in ^i^k with no lower corners. Equivalently, is the unique path such that: 

Type A : (i, k) G p+^ 

Type B,i<N: /.(?:, A:) G 

TypeB, z = iV: (27V - 1, fc) - (0, e) G p+ 

Define p"^., the lowest path, to be the unique path in ^ with no upper corners. Equivalently, p^j^ 
is the unique path such that: 

Type A : {N + 1 - i,k + N + 1) e p'^ 

Type B, z < iV : t(i, k + 4N - 2) e p~j. 

Type B, i = : (2Ar - 1, -H 4Ar - 2) + (0, e) G fc. 

6.4. The snake-lowered path. Suppose (i,fc) G and {i',k') G A" are such that {i',k') is in 
prime snake position with respect to (i, k). There is a unique path in J^i^k that has a lower corner 
at {i', k') and no other lower corners: we call this path the snake-lowered path from (i, k) to (i', /s'), 
and denote it pf^^^?!./- By construction, the set of upper corners of p^'^^^^j,, is precisely the disjoint 
union X* U 'j^ of the neighbouring points, as defined in §3.5. 

Given any two paths p = {xr,yr)i<r<n and p' = {xr,yr)i<r<n, n £ ^>05 in ^i,k we say p is 
weakly above (resp. weakly below) p' if and only if y^ < y'^ (resp. yr > y'r) for all 1 < r < n. We 
also define 

bot(p,p') := {xr,max{yr, y'j.))l<r<n, 
which is a path in ^j^^ which is weakly below both p and p' (c.f. Lemma 5.7 of [MY]). 

Lemma 6.1. Let p,p' G ^i^k such that C'bot(p,p') ^ 't^^'' P ^ PtT^\k'- Then p = pt^ and 

P' ^ {ptk^PTk^^,k'}- 

Proof. If C'j^^tCp.p') = ^ ^^^^ bot(p,p') = and hence p = p' = p+f,. If C'bot(p,p') = {(^''^0} then 
bot(p,p') = pf^k^P^f and {i',k') G Cp. By inspection the only path weakly above pf^^^P^r with a 
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lower corner at {%' ,k') is pf^^?},i itself. Thus p' = pfj^^^k/- By inspection, if {j,£) G C+^^^e then 
{j, I) i for any p G &>i,k- So finally C' = 0, i.e. p = p+ . ' □ 

6.5. Points above/below paths. We say a point {x,y) is strictly above (resp. strictly below) a 
path p if and only \i z > y (rcsp. z < y) for all z such that {x, z) G p. 

We say a point (x, y) is weakly above (resp. weakly below) a path p if and only if, for any point 
(x, z) ^p there is a point (x, z') G p such that z' > y (resp. z' < y). 

6.6. Non-overlapping paths. Let be paths. We say p is strictly above p', and p' is strictly 
below p, if and only if 

{x, y) & p and (x, 2;) G p' y < z. 

We say a T-tuple of paths (pi, . . . ,pt) is non-overlapping if and only if ps is strictly above pt for 
all s < t. Otherwise, for some s < t there exist {x,y) G and (x, z) G pt such that y > z, and we 
say p<j overlaps pt in column x. 

For any snake {it, kt)^X,l<t<T,T^ Z>i, let us define 

^{U,kt)i<t<M := • • • >Pt) : G ^it.fet, 1 < i < 7" , (pi, . . . ,Pt) is non-overlapping } . 

Generically no two corners of any tuple (pi, . . . ,Pm) G ^(it-kt)i<t<^i non-overlapping paths 
coincide. The only exception is in type B where it can happen that, for some t, 1 < t < M — 1, 
a point {N,£) is an upper corner of Pi^^kt a lower corner of Pit^i.kt+i- (See Figure 7 in [MY].) 
But in that case Pit,kt ^ lower corner at some (j' , I') G X with I' > i. Thus we have 

Lemma 6.2. Let {it,kt) £ X, 1 < t < M, be a snake of length M G Z>i and (pi, ■ ■ ■ ,Pm) £ 
^(it,kt)i<t<M- V (j)^) is a lower corner of some path pt, I <t < M and no point {j',i') G X such 
that £' > i is a lower corner of any path in (pi, . . . ,pm), then {j,i) is not an upper corner of any 
path in (pi, . . . ,pm)- □ 

Lemma 6.3 ([MY]). Let p and p' be paths in ^i^k- Then p can be obtained from p' by a sequence 
of moves containing no inverse pair of raising /lowering moves. □ 

The following is Lemma 5.10 in [MY]. 

Lemma 6.4. Let {it,kt) G X , 1 < t < M, be a snake of length M G Z>i and {jrAr), ^ ^ r < R, 
a sequence of R £ Z>q points in W. For all {pi, . . . ,pm) G ^{it,kt)i<t<M ^'^^ (Pi^ ■ ■ ■ iP'm) ^ 

^ {it,kt)i<t<M' following are equivalent: 

(^) nti ^{p't) = nt=i m(pt) • Y\r=i ^7i. 

(a) there is a permutation a G Sr such that {{ja{i)T^cT(i))-> ■ ■ ■ ■>{ja{R)->^a{R))) ^■^ ^ sequence of 
lowering moves that can be performed on (pi, . . . ,Pm), without ever introducing overlaps, to 
yield {p[, . . . ,p'j^). 

□ 



6.7. The path formula for g-characters of snake modules. 
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Theorem 6.5 ([MY]). Let {k, h) e X , 1 < t < M , be a snake of length M G Z>i. Then 

xjL(Y[Y,^k]]= E Yl^iPt). (6.3) 

The module -Z^dlt^i fe^) thin, special and anti-special. 

We can now prove the proposition on prime snake modules stated earlier: 

Proof of Proposition 3.1. Let {it,kf) & X, 1 < t < M, be a snake of length M € Z>o. If it 
is not a prime snake then there is an s, 1 < s < M, such that {is+i,ks+i) is not in prime 
snake position to {is,ks). Theorem 6.5 and the injcctivity of Xg imply that ^ITi^i ^t.fet) — 
L( ]^^^^ yit,kt)'^^{T[t^s+i '^hm)- recursion, any snake module is isomorphic to a tensor product 
of snake modules whose snakes are prime. 

Now consider the case that the given snake is prime. Let U Li U' = {{it, h) : 1 < t < M} be any 
set partition with U and U' non-empty and, without loss of generality, {ii, ki) E U. We shall now 
show that 

\t=i / \{i,k)eu / \(i,k)eU' J 

The points of U may not form a snake but Xg (^^ fc)e!7 ^.'fc)) a-lways includes the monomial 
Tl{ik)eu''^iP7k)- ^-S- [CHIO] Theorem 3. Therefore, the g-character of the right-hand side 
contains the monomial 

"^^= n -^Kfc) n "^iptk)- (6-5) 

{i,k)&U {i,k)£U' 

We claim that the g-charactcr of the left-hand side of (6.4) does not contain m. Indeed, suppose 
for a contradiction that (pi, . . . ,Pm) ^ (it,kt)i<t<M such that m = Ht^i '^{Pt)- Note that m 
has at most M factors Yf"} . 

Consider type A. There is no cancellation between m(pt), m{ps) for any pair t ^ s. So each 
path must have at most one corner, or else m would have too many factors. Therefore each path 
is either highest or lowest. Then (6.5) can only hold if for all t e U, pt = p~ and for all t G U', 
Pt = Pttkt' -^^^ there is an s such that {is+i,ks+i) € U' and {ig, kg) G U, so, by definition of prime 
snake position, p^_^_^ ^ overlaps p~ ^ : a contradiction. 

Consider type B. Cancellations between m{pt), m{ps), t ^ s, can occur only in column N. Every 
path Pt has at least one non-cancelling corner. So, by counting, every path pt must have exactly 
one non-cancelled corner. Hence, if it ^ N then pt must be highest or lowest. So for allt £ U such 
that it ^ N, Pt = P^fet t e U' such that it ^ N, pt = p'l^f.^- Dividing (6.5) by these 

factors, we have 

n '^^pt)= n "^^p'nm^ n "^h,^,)- 

t:it=N t&U:it=N teU':it=N 

But now if, for some t such that it = N, pt is not highest or lowest then it has a corner not in 
column TV, which produces some factor Yf}^ that is neither cancelled nor present on the right-hand 
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side of this equation. Therefore for all t, pt must be highest or lowest. So for all t E U, pt = p^^ 
and for all t G U' , pt = pf^f.^- But, as in type A, these paths are overlapping: a contradiction. □ 

7. Proof of Theorem 4.1 

Our strategy of proof is influenced by [Her06] . We show that the dominant monomials on the left- 
and right-hand sides of (4.1) coincide. We shall see in particular that (4.3) is special, and therefore 
simple. Finally, to show that (4.2) is simple we show that for each of its dominant monomials m 
other than the highest, the g-character of L(m) contains a monomial which is not present in the 
^'-character of (4.2). 

7.1. Classification of dominant monomials. 

Lemma 7.1. Let {it,kt) E X , I < t < M, he a snake of length M € Z>2. Let m' = Ht^I^ ''^{p't) 
he a monomial of Xq{L{\[fS^^Y.^f^^)), where {p[, . . . , p'j^ _-^) G ^(H,kt)i<t<M-i « *^P^^ of non- 
overlapping paths as in Theorem 6.5. Likewise, letm = Ylf=2 '^(P*) ^ monomial of Xq{L{Yl^2 kt^)' 
where {p2, ■ . . ,Pm) G ^ {itM)2<t<M- Suppose m'm is dominant. Then, pt = p^^ for all2 <t < M 
and there exists and R, 1 < R < M, such that p\ = p'^^ for all 1 < t < R and p\ = p^^'^?i^^^ /^.^^^ 
for allR<t<M. 

Proof. We shall show by induction on t that, for alH G {0, 1, . . . , M — 1}: pM-t = pfM-t ku-t * < 
M — 1; p',, ^ G {pf , ,pf"^'^^j. J. I if t > 0; and moreover if p',^ * = pt i. 

then p'^j f T = pt I. , if M — 1 > t > 0. For the case t = 0, if pm ¥^ pt i- then m'm is 

^M-t-l ^lM-t-l,kM-t-l^ ' ' ^iM,kM 

right-negative and hence not dominant. Now assume the statement is true for t — 1. Consider the 
monomial n := m(pM-t)^M-t+i,feM-t+i'^(i'M-t)- virtue of Lemma 6.1, it is sufficient to show 
that n is dominant. 

Suppose for a contradiction that n is not dominant. Let G A:* be such that Uj^i{n) < and 
for all > £ and all j G I, Uj'^£'{n) > 0. That is, is the right-most uncancelled factor in 
n. If we are in type B and j = N and either pM-t-i or p'j^_j-_i has an upper corner at {N,£), we 
call this the exceptional case. 

Suppose we are not in the exceptional case. Then {j, t) cannot be an upper corner of any path 
Ps or p'g with s < M — t. So Yj~l is not cancelled by any of these paths. Next, 1^"^^ is not cancelled 
in m(ps), s > M — t + 1, because if p'g_i = Pfl^\^_yi^ ks then m{ps) = Yi^^ks is already cancelled in 
m(p'g_i), and if not then p'g = p^^j.^ = Ps and Y^^^ still cannot be cancelled since (j, €) is a corner of 
PM-t or p'u-ti both strictly above Finally Y^^ cannot be cancelled in m(|)g), s > M — t: if 

(j, I) is a lower corner of then this is immediate from the non-overlapping property, and if (j, t) 
is a lower corner of pu-t then we use the fact that pu-t is strictly above pM-t+i = pIj^ 
and therefore also strictly above p'j^_^^i . Thus m'm has a factor Y~^ : a contradiction since m'm 
is dominant. 

Now suppose we are in the exceptional case. Necessarily, iu-t = iM-t-i = and ku-t — 
kM-t-i = 2 mod 4. Whichever path has an upper corner at {j,t) (either pM-t-i or p'm-i-Ii 
or both) also has a lower corner at some G X, i' > I. If there is more than one such 

lower corner, we choose the one for which j' is maximal, i.e. the one closest to the spinor node. 
Neither pM-t-i nor p'j^_^_i can have an upper corner at {j',£'). Nor can pM-t or p'^-t^ by the 
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condition on ku-t — ^M-t-i- By the non-overlapping property, no path ps oi p'g, s < M — t — 1, 
has an upper corner at No path p'g, s > M — t, has an upper corner at if {j' A') 

is a corner of then this is immediate from tlic non-overlapping property, and if is 

a corner of pM-t-i then we use the fact that pM-t-i is strictly above pM-t+i = vft^j kM t+i 
and therefore also strictly above p'm-i+i- Next, the factor ^7^/ is not cancelled in m(ps), s > 
M — t + 1, because if p'g-i = Pi^^\^_yi^ ks ^^^'^ '^{Ps) = ^is.fcs is already cancelled and if not then 
p'g_i = pt I k 1 ~ Ps-ij both strictly below pM-t-i and p'j^_^_i. It remains to check that Yji^^/ 
cannot be cancelled by m{pM-t+i) = ^(p^.^+i.fcM-t+i) = -t+ii^M-t+i' ^ follows. First note 
£' = kM-t-i+^N-j')-!. But (zM-t+i, kM-t+i) is in snake position to {iu-t, kM-t) = {N, ku-t), 
so ku-t+i = ku-t + 2(A'' - iM-t+i) - 1 mod 4 and therefore ku-t+i = ku-t-i + 2(A^ - iM-t+i) + 1 
mod 4 since Um-i — ^M-t-i = 2 mod 4. Hence {j' 7^ (iM-t+i, ^M-t+i)- Thus m'm has a factor 
y-7«: again, a contradiction since m'm is dominant. 

Finally, that the fact that if p'^.^ = pt^_^^kM-t ^^^"^ ^'M-t-i = ^'i^-t-i.fcM-t-i ^^^^'^ 
non-overlapping property. □ 

Proposition 7.2. Lei {it, kt) ^ X , 1 < i < 6e a snake of length M G Z>2. Xei 

{_R-1 M-1 > 

n ^^pIm) n ■.i<r<m\. (7.1) 

Then 

^it,kt of dominant monomials of Xg{L{Y\f^i Y^^^kJ ^iT\t=2^it,kJ)- 

(ii) '^sWt^yi.M \ {nt=r'm(p-|^f,^^,,,^^jnt=2^i,,fe,} ihe set of dominant monomials of 

All of these dominant monomials occur with multiplicity one. 

Proof. The first part follows immediately from Lemma 7.1, and the second by similar reasoning. □ 

Proposition 7.3. The module -^(11(1 fe)ex ^,*;) ® -^(11(1 A;)eY simple. Moreover, it is special. 

Proof. Special implies simple, so it is enough to show that -^(11(1 fe)6X -^(11(1 fe)eY 

special. For brevity let us write := X^*+'^'''*+' and := Proposition 3.2 states 

that X := Xi # X2 # . . . # Xm-i and Y := Yi # Y2 # . . . # Yj^-i are snakes with no elements in 
common. 

Let n be a monomial in Xg(i(n(j,it)ex ^i,A;)) m a monomial in Xg(i(n(i,fe)eY By 
Theorem 6.5 we have 

M-l M-l 

^ = n n "^iPit;i,k)), m=Yl n '^(Pit;i,k)) (7-2) 
t=i (i,fe)eXt t=i {i,k)eYt 

for some paths P(^t;i,k)i with P(t-i^k) ^ foi" each 1 <t < Ai and each (i, k) G Xj U Y^. 

We would like to show that if nm is not highest then it is not dominant. So suppose nm is not 
highest, i.e. that at least one of the paths P(^t:i,k)i ^ ^ t < M — 1, {i,k) € X^ U is not highest. 
Then there exists a (j, £) G X such that (j, £) is a lower corner of at least one of the paths and none 
of the paths has a lower corner at any point G X with i' > i. 
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Let us suppose for definiteness that {j,£) is a lower corner of a path P{t;i,k) with (i,k) G X(. If 
instead (i, k) G Yt the argument is similar. 

By choice of (j, ^) and Lemma 6.2, no path P(t';i',k'): (^'j ^0 ^ ^t', has an upper corner at 
We shall now argue that no path P(t';i',k')i {i'^k') G Y^/ has an upper corner at (j, ^) either. By 
choice of {j,t), if P{t';i',k') li^'S an upper corner at (j, ^) then P[t';i',k') — Pj/ k'- Thus it is enough to 
show that (j, t) ^ Y. 

Suppose G Y is weakly above p^^,. Then no path in ^j^^ has a lower corner at {j',£'), so 

Suppose {j',£') G Y is strictly below pr^. Then clearly ^ (j, 

Suppose G Y is weakly below p^ ^.i for some point {i',k') G X^/ that succeeds {i,k) in the 

snake X. Let us say such a point is shielded. In that case, if P(^t;i,k) ^ lower corner at 

then P(ti;i'.k') must have a lower corner at some with i" > i'. So 7^ {j,^)- 

In type A, this exhausts all the elements of Y. In type B there is one further possibility: there 
can be at most one point {N,£') G Y^+i that is strictly below and yet is neither shielded nor 
strictly below p~i^. But then i' mod 4 is always such that no path in j. has a lower corner at 

{N,e'). 

Thus indeed none of the paths has an upper corner at {j, £) G X. Hence nm has a factor Fr^^ 
and is not dominant, as required. □ 

7.2. Exclusion argument. 

Proposition 7.4. The module -L(nt=2 ^ \,kt) ^ HU^i ^i^^kt) simple. 



Proof. We shall show that if n is any non-highest dominant monomial in Xq{L{Ylt^2^ kj ® 
HUZi tlien Xq{L{n)) contains a monomial not present in Xg(L(nt=2 ^ \,kt'>®HIl^i ^i*,*;*))- 

This is sufficient, for then L{n) cannot appear in the composition series of -^(11*^2^^ jfct) ® 

^t.fet)' which means that the only entry of this series is L ^nt=2 ^it,kt^t=i^it,kt) ^ 
that indeed the module is simple. 

The dominant monomials are catalogued in Proposition 7.2 part (ii). Consider 

M B-1 M-1 

^ ■■= u^Kj n "'Kkj n '^(ctr.+.fc*+j (7-3) 

t=l t=2 t=R 

for any given R with 2 < R < M — I. We have 

_R-1 M-1 

n = • n ■ ^^nM ' U U Yi,k- (7-4) 

t=2 t=R {i,k)e 

^pSnake 

This monomial can be written as a product of highest paths, p^j. for each factor 1^ ^ that appears 
in this product. In contrast to snake modules, some of these paths overlap. Nonetheless, we can 
use Theorem 2.1 to compute enough of the g-character for our purposes. 

To do so, let ?7 C 3^ be the set of points such that performing lowering moves at these points, in 
some order, on p^^ yields pf^kR-iR+i fc^+i • Lemma 6.3 states that such a set of points exists. See 
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for example Figure 6. Define 

M := {nm(p+ _^^)-im(p) : p G ^} 

where 

^:={pe ^i^,kn ■■ P is weakly above pZTH;iR+i,ku+i} ■ 
We now argue that {n,M,U) satisfy the conditions of Theorem 2.1. Recall that we are writing 
(i, k) for (i, aq''). Property (i) is by definition of M. Property (ii) is true because every path p e ^ 
has a lower corner at some point in {{j, £) e X : {j, £ — rj) E U} and Uj^i{n) = for all such points. 
Note in particular that Ui^^^^kR+iin) = 0. Property (iii) is by inspection. For Property (iv) we 
have to show that for every m G and every i E I there exists a unique z-dominant monomial in 
mZ[Ai^k]kez n M, say Mj, such that 

t™nc^,(M,z[A-l](,,,),^)X?(^(^^(^0)) = E ^^("^')- (7.5) 

m'emZ[Ai^k]kf=znM 

It follows from Lemma 6.4 (case M = 1) that there is a unique path p E. ^ such that m = 
nm{pf^ i^^)^^m{p) and further that the only way to produce a monomial in mZ[Aj^fc],fcg2 is to 
perform the corresponding raising moves at points {i,k — ri), k E Z, on this path. Thus, if p has 
no lower corner of the form (i, k), k £ Z, then Mj = m and this is the only term on either side of 
(7.5). If p has one lower corner of the form {i,k), k E Z, then Mj = mAi^k-ri, and both sides of 
(7.5) are equal to Mi(l + A~^_^,). Finally, in type B when i = N and ir < N, it is possible that p 
has lower corners at {N, k) and (TV, k + 2) for some A; G Z. In that case Mj = m^Ar,fe+i^Ar,fe-i and 
both sides of (7.5) are equal to Mj(l + A'^j^^^ + ^'^^k+i-^'N,k-i)- 
Therefore Theorem 2.1 applies, and we have 

t™nc„z[A-l](,,,),^ X,{L{n)) = nm(p+ _,^)-i ^ m(p). 

In particular Xg(L(n)) includes the monomial m' := nm{p^^ fefl+i)" 

On the other hand, m' is not a monomial of Xq{L{Y[t^2^ kj ® ^(Ylt^i kt^)- Indeed, sup- 
pose for a contradiction that m' is a monomial of Xq{^{Ylt=2^ ^it kt") ^(Yit^i^it kj)- Then, 
by Theorem 6.5, rn' = Y\ti2^ '^(.Pt)lltii"^(.Pt) for some unique {p2, ■ ■ ■ ,Pm-i) G ^{itM)2<t<M-i 
and {p'l, . . . ,p'j^) G '^{it,kt)i<t<M' ^^ii these the "inner" and "outer" tuples, respectively. By 
Lemma 6.4 the inner and outer tuples are obtained from the inner and outer tuples of n, namely 

(ptiM' ■ ■ ■ ^PiR-i,kR.i^PfR^R;iR+i,kR+i^- ■ ■ ^Pf^-i,kM-i;iM,kM^ ^^'^ {ptiM'- ■ ■ 'PiM,kM) ' ('^•^^' 

performing some sequence of moves, such that no inverse pair of moves is performed on either 
tuple. In particular, only lowering moves can be performed on the outer tuple, since we start with 
(Ph fei' • • • -PfM fcAf) ■ order to reach m' from n, any lowering move at a point not in U must be 
cancelled by a raising move on the other tuple of paths, and at every point in U wc must perform 
exactly one more lowering move than raising move. Consequently, on the inner tuple wc cannot 
perform any lowering move not in U. But, by inspection, it is not possible to lower the inner tuple 
at any point in U either. So we must perform, on the outer tuple, at least one lowering move at 
every point in U. Let if > 1 be the number of lowering moves performed on the outer tuple at the 
point {iR+i,kii+i — rij^_^_^) G U. To avoid overlaps, we must also lower the outer tuple K' > K times 
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Figure 6. See the proof of Proposition 7.4. In type A, with M = 6, suppose 
for example that the highest monomial 11*^2 ^ kt Ht^i kt ^ shown on the 
left below. Single (resp. double) black circles indicate factors Y (resp Y"^). The 
dominant monomial n corresponding to i? = 4 is shown on the right. Lowering 
n at the points in U ^ as marked, produces a monomial in Xq(L(n)) not present in 
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at the point (iij+i, fcij+i + ri^^^) ^ U. Each of the latter moves must be cancelled by a raising move 
at the same point on the inner tuple. But, again, this creates an overlap unless we also perform at 
least K' raising moves at the point {ir+i, ku+i — rij^^^) E U on the inner tuple. So the net number 
of lowering moves at this point is non-positive - a contradiction, since it must be exactly 1. □ 

Finally, we can prove Theorem 4.1. 

Proof of Theorem 4-1- An element of Xq0^cp{Uq{g))) is determined uniquely its dominant mono- 
mials. Therefore the equality (4.1) follows from Propositions 7.2 and 7.3. Finally, ^^(11*^2^ ^t,fet)® 

i,k)eY ^hk) are simple, by Propositions 7.4 and 7.3 respec- 
tively. □ 

Appendix A. Examples in Types C and D 

As noted in the introduction, wc believe that extended T-systcms exist in all Dynkin types. Such 
recursions should allow the classes of (at least) all minimal affinizations to be expressed in terms of 
the classes of Kirillov-Reshetikhin modules (and hence, by means of the usual T-system, in terms of 
the classes of fundamental modules) . Here we discuss some examples which illustrate new features 
that arise beyond types A and B. 

It should be stressed that all relations in this section are conjectural. Wc have checked, with 
the aid of a computer, that they are correct if one assumes that the algorithm of [FMOl] gives the 
correct g'-charactcr for all of the irreducible representations that appear. 

Since we deal with specific examples only, it is convenient in this appendix to use the shorthand 
notation Iq = li,o, 23 = 12,3 and so on. Also, we write [m] for the class of L{m) in Rep{Uq(g)). 
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Figure 7. Illustrative examples of highest monomials of the new types of module 
occuring in types C3 (left pair) and D5 (right pair). 




Type C3. We use the node numbering 

1 2 3 
0040 ■ 

Thus ri = r2 = 1, = 2. Let us consider choosing as the top module the minimal affinization 
L(3o2527). It is clear that the leftmost and rightmost factors should be 3o and 2j respectively. 
Computations then suggest that 

[3o25][2527] = [802527] [25] + [2il4l636]. 

A single neighbour, L(2il4l636), is generated. It is not a minimal affinization, so, as in type B, 
the recursion does not close among minimal affinizations. But in type B it was always possible to 
interpret the neighbours as "snakes" : that is, to read the factors of the dominant monomial in order 
of increasing shift (the lower index), such that, in particular, no non-neighbouring pair defines a 
minimal affinization. Here, both L(2il4) and L(2i36) are minimal affinizations, so the structure is 
rather to be thought of as pictured in Figure 7. 

Thus, when wc come to treat L(2il4l636) in turn as the top module, we should certainly take 
2i as the leftmost factor, but it is unclear whether 1q or 36 is rightmost. However, it appears that 
either choice works. For example, if we pick 36 we find the relation 

[2ll4l6][l4l636] = [2il4l636][l4l6] + [25] [h^le] [Ule]- 

Note that there are 3 neighbours, not 2. This is also a feature of the usual T-system in type C. To 
complete the recursion, for [21I4I6] we have the relation 

[2ll4][l4l6] = [2ll4l6][l4] + [2.5] [32], 

while [I4I636] actually factors, [I4I636] = [l4l6][36]- Thus we have succeeded in expressing [21I4 1636], 
and hence the original module [802527], in terms of the classes of Kirillov-Reshetikhin modules. 
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It appears that larger examples work in the same way. If we start with the minimal affinization 
L(3_43o2527292ii), we find 

[3_43o252729] [80252729211] = [3_43o2527292ii] [80252729] + [38][2_32_i2il4l6l8lio368io]. 

In the neighbouring module L(2_32_i2il4l6l8lio363io), the factor 2i is "trivalent", c.f. the picture 
in Figure 7. Choosing 3io to be the rightmost factor, 

[2_32_i2il4l6l8llo36][2-l2il4l6l8llo363lo] = [2-32_i2il4l6l8llo363io][2_i2il4l6l8llo36] 

+ [80252729] [3-2 Ulelslio] [1-2 10I2I4I6 Is lio] 

and so on. Observe that the neighbours generated here are all, once more, minimal affinizations; 
in particular they do not have any "trivalent" factors. 

Type D5. We use the node numbering 




It appears that type D works similarly to type C. Consider the minimal affinization L(2o2235). We 
find 

[2o22][2285] = [202285] [22] + [Ill3][3l4454] 

and then if we choose 64 as the rightmost factor of 814464, we find 

[3i44][4454] = [814464] [44] + [22] [4244] [44]. 

Here [44,65] factors, [4464] = [44] [64], so the recursion is complete. A more generic starting point 
is the minimal affinization L(2_2 202285): we find 

[2_22o22] [202285] = [2_22o2285][2o22] + [l-ilil3][8-i8i4454] 

and then 

[8_i8i44] [814464] = [8-1814464] [8144] + [2o22][4o4244][6o44]. 

Here there are no common factors. Note that L(6o44) is a minimal affinization. Treating it as the 
top module, we find 

[5o][44] = [6o44] + [22]. 

Noting finally that 

[3-i3i][8i44] = [3_i3i44][3i] + [2o22][4o][6o52], 

we have all the relations needed to express [2_22o2285] in terms of the classes of Kirillov-Reshetikhin 
modules. 

Appendix B. On Thin Special Truncated ^-characters 
In this Appendix we prove Theorem 2.1. We shall need the following two results. 

Proposition B.l ([MY]). Let V be a finite- dimensional Uq{Q) -module and m,m' G ^(V). Let 
\m) G ker [(l)f(u) — 'y{m)f{u)) C Vm for all i G L. Then, for all j G /, at least one of the following 
holds: 
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(1) there is an a ^ C* such that m' = mAj^a (resp. m' = mA~^), or 

(2) for all r G Z, when x'j'^ |m) (resp. xj^. \m) ) is decomposed into l-weight spaces, c.f. (2.4), 
its component in V^(m') = Vm' is zero. □ 

Lemma B.2. Let g = sl2. Let meV. Let U (Z {1} x C*. Let M e P+ be such that L{M) is thin 
in U and m is a monomial in ivxmCj^Q- Xq(L(M)). Then exactly one of {i), (ii), (Hi) holds for all 
{l,a)eU: 

(i) 0<ni,„^-i(m) = 'ui,„q(m) + l, m^^;^ G ^(L(M)); 

(m) < (m) < ui,aq{m), mA^ll G J{{W(M)) \ Ji{L{M)); 

(Hi) 0>^/i,„g-i(m), mA^^^^^iWiM)). 

Proof. The result follows from the known closed forms of all Weyl modules [CPOl] and simple 
modules, [CP91], in type Ai. □ 



Proof of Theorem 2.1. For convenience, let us define 

Xn:=trunc g- Xq{L{m+)) M„ := trunc g- \M), (B.l) 

and similarly x<n and A^<n- 

Given property (i), to prove the equality (2.11) it is sufficient to establish the following claim for 
all n G Z>o. 

Claim: 

Xn= 5Z (^-2) 

We proceed by induction on n. The claim is true for n = 0, given Property (ii). So for the inductive 
step, let n G Z>o and suppose the claim is true for n — 1. 

It follows from Proposition B.l that all monomials m! of Xn are of the form mA^^ for some 
monomial m of Xn-i and some (i, a) G / x C*. For suppose not: then by Proposition B.l, L{raj^)m' 
contains a highest /-weight vector and so generates a proper submodule - a contradiction. Therefore 
by the inductive hypothesis all monomials m! in Xn are of the form mA^^ for some m G Mn-i and 
some {i,a) G / x C*. By definition of Xn, {ho) € U. 

Property (ii) implies that if m! G Mn then there exists an i G / such that m! is not i-dominant. 
Hence Properties (i) and (iv) together imply that every m' G Mn is also of the form mA~^ for 
some m G Ain-i and some {i, a) G U. 

Consequently, it is enough to consider monomials of the form mA^^ for some m G Mn-i and 
some {i, a) G U. 

Let M be the unique i-dominant monomial in ^^Qf/f-idjjxc*) (>0) Property (iv) asserts that 

such an M exists (possibly m = M) and moreover that the simple f/qi-j (sl2(*))-module L{l3i{M)) is 
thin in U . Lemma B.2 therefore implies that exactly one of the following three cases applies. 

(I) < u^^^q-r^{m) = Ui^aq-^{m) + 1, and Pi{mA-l) G ^(L(A(M))). 
(II) < ulaq-^^{m) < Ui,aqri{m), and /3,imA-^) G ^(Ty(A(M))) \ ^(L(A(M))). 
(Ill) > (m) and A(mA"i) ^ ^(VF(A(M))). 
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We shall now complete the inductive step by showing that in case (I), mA- ^ appears, with coefficient 
exactly 1, on both sides of (B.2), while in cases (II) and (HI), mA^^ does not appear on either side 
of(B.2). 

First observe that by the inductive assumption, 

trunc ^(L(m+)) = trunc M 

and by Properties (i) and (iv), M is the unique i-dominant monomial in this set. 

Now consider case (I). By Property (iv), mA~^ G M. (note that Pi is injective when restricted to 
'^2{i}xC*)- By the injectivity and property (2.9) of the homomorphism we deduce that mA~^ 
must be a monomial of Xg(L(m-|_)). The coefficient of f3i{mA^^) in Xq{LiPi{M))) is 1, so therefore 
mAj^ must have coefficient exactly 1 in Xq{L{rnj^))j for if it appeared with a larger coefficient it 
would not be part of a consistent C/^'-i (sl2*'*^)-character. 

Now consider case (II). By Property (iv), mA^^ ^ M. Hence by Property (iii), mA~^Aj^fy ^ M 
unless {j, b) = {i, a). If mA^^Aj^i, is not in m+Q~ then it is not in ^{L{m^)) by (2.7). If mA^^Aj^b 
is in m+Q~ then v{mA^^Aj^i,) = n — 1 and we can use the inductive assumption. Therefore 

mA'^Aj^b ^ ^{L{m+)) unless {j,b) = {i,a). (B.3) 

Now suppose, for a contradiction, that m' := mA~^ € ^(L(m+)). Then we can pick a non-zero 
\m') such that for all i G I, \m') € kcT{(j)f{u)—^^{m')(u)) C L(m_|_)m/. By Proposition B.l, for all 
r G Z, Xj'j. \m') = for all j 7^ i, and x^^ \m') G {Lm+)m- If xf^ \m') = for all r ^ X then \m') 
generates a proper submodule in L(m_|_): a contradiction since L(m+) is simple. So for some r G Z, 
xfj. \m') is non-zero and spans the one-dimensional (by the inductive assumption) Z-weight space 
L{m+)m- Therefore \m') ^ span^^'^ x~^{L{m+)m), because L{Pi{M)) is by definition irreducible, 
/3i{m,) appears in its g-charactcr, and Pi{m') does not. Now, if m" G ^(L(m+)) and j € I are 
such that \m') G span^^^ xJ^L{m-^-)„i" then wt(m") = wt(m') + and hence v{m"m'^^) = n — 1. 
So, by the inductive assumption, dim(L(m-|-)m") = 1, and thus Proposition B.l applies to any 
\m") G L{m^)m"- Hence, by (B.3), xj,^. \m") has zero component in L[raj^)m' for all m" ^ ra. 
So \m') ^ spaujgj a;~^(iv(m+)): a contradiction. Therefore in fact m' is not a monomial in 
Xq{L{m+)). 

Finally consider case (HI). By Property (iv), 'mA~^ ^ A4. Now mA~^ is not z-dominant since 
Uj^ g^-ri{mA~^) = —1. But Pi{mA~^) is not in the g-character of the Weyl module W{Pi{M)), and, 
recall, M is the unique ^-dominant monomial in nT'^^lQuQi^^iy^c*^ (>o)- Therefore mA^^ cannot 
appear in Xq(L(m+)) because it is not part of a consistent [/^i-i (s[2'^*^)-character. 

This completes the inductive step, and we have therefore established the claim above, for all 
n G Z>o, and hence the equality (2.11). Finally, it follows that L(to_|_) is manifestly thin in U, and 
it is special in U by Property (ii). □ 
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